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Chiral anomaly of Weyl magnons (WMs), featured by nontrivial band crossings at paired Weyl
nodes (WNs) of opposite chirality, is investigated. It is shown that WMs can be realized in stacked
honeycomb ferromagnets. Using the Aharonov-Casher effect that is about the interaction between
magnetic moments and electric fields, the magnon motion in honeycomb layers can be quantized into
magnonic Landau levels (MLLs). The zeroth MLL is chiral so that unidirectional WMs propagate
in the perpendicular (to the layer) direction for a given WN under a magnetic field gradient from
one WN to the other and change their chiralities, resulting in the magnonic chiral anomaly (MCA).
A net magnon current carrying spin and heat through the zeroth MLL depends linearly on the
magnetic field gradient and the electric field gradient in the ballistic transport.
PACS numbers:
Topological magnetic states have attracted enormous
attention in recent years [1–23], because of their fun-
damental interest and importance in magnonics that
is about generation, detection, and manipulation of
magnons [24–27]. Magnons, the quanta of low-energy ex-
citations of magnetic materials, can carry, process, and
transmit information [28, 29] like electrons besides being
a control knob of magnetization dynamics [30–32]. So
far, almost all studies on Weyl magnons (WMs) focus on
the nontrivial band topology of Weyl nodes (WNs) and
magnon surface states in pyrochlore magnetic materials
[19–21]. There is no study of magnonic chiral anomaly
(MCA), one of the two important signatures of Weyl ma-
terials [the other is the magnon (Fermi) arc on sample
surfaces due to topologically protected surface states be-
tween two paired WNs]. The realization and detection of
the MCA are the main theme of this work.
To study the MCA, one needs to have three-
dimensional (3D) Weyl magnetic materials and to re-
alize the magnonic Landau levels (MLLs) first. Only
then one can study the magnon transport through the
zeroth MLL under driving forces, i.e. the MCA. WNs
in Weyl magnetic materials appear usually at high en-
ergy [19–21]. Thus, it is not trivial to inject magnons
into the high-energy WNs to creat WMs. In this paper,
we show that stacked honeycomb ferromagnets can be a
Weyl magnetic material that supports both type-I WMs
and type-II WMs. A two-band model is found with either
one pair or two pairs of WNs. Magnons can interact with
electric fields through the Aharonov-Casher effect [33] so
that magnon motion in honeycomb layers can be quan-
tized into the MLLs by a proper inhomogeneous electric
field. A quasi-one-dimensional magnon conductor con-
nected to two magnon reservoirs under a proper inhomo-
geneous magnetic field perpendicular to the honeycomb
layers is used to study the MCA and magnon transport
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in the longitudinal direction.
Our 3D WMs exist in stacked honeycomb ferromagnets
as shown in Fig. 1(a). The honeycomb lattices (in the xy
plane) are perfectly aligned in the z direction. A spin
S (in units of ~) polarized in the z direction is on each
site. ai (red arrows) and bi (green arrows) (i = 1, 2, 3)
defined in honeycomb layers are three vectors connecting
nearest neighbor (NN) sites and three vectors connecting
next nearest neighbor (NNN) sites, respectively [34]. A
and B denote two sublattices of honeycomb layers. The
layer separation is the same as the distance between two
NN intralayer lattice sites that is set as unity. The spin
Hamiltonian reads
H = −J
∑
〈i,j〉,l
Si,l · Sj,l −
∑
i,l
KiS
z2
i,l −
∑
i,〈l,l′〉
JiSi,l · Si,l′
+D
∑
〈〈i,j〉〉,l
νij zˆ · (Si,l × Sj,l)− gµBB0
∑
i,l
Szi,l,
(1)
where i and j label lattice sites in honeycomb layers, and
l and l′ are layer indexes. 〈i, j〉 and 〈〈i, j〉〉 denote the NN
and NNN intralayer sites, and 〈l, l′〉 are the NN layers.
The first term describes the NN intralayer ferromagnetic
exchange interaction with J > 0. The second term is the
anisotropy energy with easy axis along z direction and
anisotropy coefficients Ki = KA (KB) for sites on sub-
lattice A (B). Ji = JA (JB) in the third term are the NN
interlayer exchange coefficients for sites on sublattice A
(B). The fourth term describes the Dzyaloshinskii-Moriya
interaction [14–17, 35] and νij = (2/
√
3)(dˆ1× dˆ2)z = ±1,
where dˆ1 and dˆ2 are the unit vectors along NN intralayer
bonds connecting the common NN site of i and j to site
j and i. The last term is the Zeeman energy due to the
external magnetic field B0 along z direction (B0 = 0 is
assumed below since it only shifts the energy).
Under the Holstein-Primakoff transformation S+i,l =√
2S − ni,lci,l, S−i,l = c†i,l
√
2S − ni,l, ni,l = c†i,lci,l [36],
where c†i,l and ci,l are magnon creation and annihilation
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2FIG. 1: (color online). (a) Schematic diagram of stacked honey-
comb ferromagnets. Each site has a spin of S polarized in the z
direction, represented by a red dot with an arrow on sublattice A
and a blue dot with an arrow on sublattice B. The in-plane vectors
a1(2,3) and b1(2,3) are explained in the text. (b) The first bulk
Brillouin zone (BZ) and the first (100) surface BZ of the stacked
honeycomb ferromagnets.
operators satisfying the boson commutation relations,
Hamiltonian (1) becomes a tight-binding Hamiltonian
H = −JS
∑
〈i,j〉,l
(c†i,lcj,l + H.c.)−DS
∑
〈〈i,j〉〉,l
(iνijc
†
i,lcj,l
+ H.c.) +
∑
i,l
Vic
†
i,lci,l −
∑
i,〈l,l′〉
JiS(c
†
i,lci,l′ + H.c.),
(2)
where Vi = 3JS + 2KiS + 2JiS is the sublattice-
dependent on-site energy. The Hamiltonian can be block
diagonalized in momentum space as H =
∑
k c
†
kH(k)ck,
where ck = (ak, bk)
T and H(k) = ε0(k)I +
∑
β hβ(k)σβ ,
(β = x, y, z). ak and bk are respectively defined on
sublattices A and B. I, σx, σy, and σz are the 2 × 2
identity matrix, and three Pauli matrices. The other
quantities are ε0(k) = 3JS + K+S + J+S(1 − cos kz),
hx(k) = −JS
∑3
j=1 cos(k · aj), hy = −JS
∑3
j=1 sin(k ·
aj), hz(k) = 2DS
∑3
j=1 sin(k · bj) + K−S + J−S(1 −
cos kz), K± = KA ± KB and J± = JA ± JB. The dis-
persion relations of the two magnon bands are ε±(k) =
ε0(k)±
√∑
β h
2
β(k).
The two magnon bands cross at k called a WN when
hx(y,z)(k) = 0. This may happen on two lines, HKH
and H’K’H’, in the first Brillouin zone (BZ) shown in
Fig. 1(b) because hx(y)(k) = 0 and hz(k) = ±3
√
3DS +
K−S + J−S(1 − cos kz) for k = (±4pi/3
√
3, 0, kz). WNs
are located at k±1 = (−4pi/3
√
3, 0,± cos−1 f1) on H’K’H’
and at k±2 = (4pi/3
√
3, 0,± cos−1 f2) on HKH, where
fη = K−/J− + 1 + (−1)η3
√
3D/J− (η = 1, 2). Con-
ditions of |fη| ≤ 1 result in four phase boundary lines
of K− = ±3
√
3D (solid lines) and K− + 2J− = ±3
√
3D
(dashed lines) in Fig. 2(a), that divide the J−/D-K−/D
plane into nine regions (colored differently). The two
magnon bands are gapped in both white and green re-
gions. However, the system in the green region is in a
topologically nontrivial phase in which topologically pro-
tected surface states exist in the band gap (see Supple-
mental Material Ref. [37]). This phase is called topolog-
ical magnon insulator in the literature [5]. For an arbi-
trary kz, Hamiltonian Hkz (kx, ky) gives a nonzero Chern
number [37]. On the other hand, the system in the white
regions is in a trivial phase with zero topological number.
The rest of regions in Fig. 2(a) belongs to three dif-
ferent WM phases: the WM in the pink regions has one
pair of WNs at k±1 ; WMs in the yellow regions has one
pair of WNs at k±2 ; and WMs in the purple regions has
two pairs of WNs at k±1 and k
±
2 . The effective Weyl
Hamiltonian (to the first order in the momentum devia-
tion q = k − k±η ) around the WNs k±η can be obtained
from the Taylor expansion as
H±η (q) = (εη + ~u±η,zqz)I +
∑
β=x,y,z
~v±η,βqβσβ , (3)
where εη = 3JS + K+S + J+S(1 − fη), u±η,z =
±J+S
√
1− f2η/~, v±η,x = (−1)η3JS/2~, v±η,y = 3JS/2~,
and v±η,z = ±J−S
√
1− f2η/~. The chirality of WNs at
k±η can be calculated from the effective Weyl Hamilto-
nian Eq. (3) as χ±η = sgn(
∏
β v
±
η,β) = ±(−1)ηsgn(J−)
[38]. Thus WNs appear in pairs with opposite chirality
as required by the no-go theorem [38–40]. According to
the classification of Weyl semimetals [41], the WMs are
of type-II when |u±η,z| > |v±η,z| ⇒ |J+| > |J−| (see Sup-
plemental Material Ref. [37]). Namely, JA and JB have
the same sign. Otherwise the WMs are of type-I. Two
WNs k±1 merge at K’ on boundary K− = 3
√
3D (blue
solid line) and at H’ on boundary K− + 2J− = 3
√
3D
(blue dash line), while two WNs k±2 merge at K on
boundary K− = −3
√
3D (red solid line) and at H on
boundary K− + 2J− = −3
√
3D (red dash line). At
(K−/D, J−/D) = (−3
√
3, 0) and (3
√
3, 0), WMs become
nodal-line magnons [22] in which two magnon bands cross
on HKH line for the former and on H’K’H’ line for the
later (see Supplemental Material Ref. [37]).
One can use energy surfaces of two magnon bands,
say as a function of kx and kz for fixed ky = 0 [the
blue plane in Fig. 1(b)], to visualize the WNs of WMs
identified above. To be concrete and without losing gen-
erality, we set D = 0.2J , K+ = 12D, and J+ = 2D
below. The magnon bands for (K−, J−) = (D, 5D) and
(−9D, 9D) [respectively marked by the black and white
dots in Fig. 2(a)] are plotted in Fig. 2(b) and 2(c). Ap-
parently, they are type-I WMs with one or two pairs of
WNs denoted by the red and blue dots for chirality ±1,
respectively. The magnon bands for type-II and nodal-
line magnons are shown in the Supplemental Material
Ref. [37]. The WM phase can also be confirmed by the
topological number calculations from the Berry curva-
ture Ω±(k) = i∇k×〈±,k|∇k|±,k〉, where |±,k〉 are the
eigenstates of the upper and lower magnon bands, and
Ω+(k) = −Ω−(k). From the effective Weyl Hamiltonian
Eq. (3), the Berry curvature of the lower magnon band
3FIG. 2: (color online). (a) Phase diagram in the K−/D-J−/D
plane divided by four boundaries K− = ±3
√
3D and K− + 2J− =
±3√3D. The yellow, pink, and purple regions denote three differ-
ent WM phases. The system is in the topological magnon insulator
phase in the green region while it is the trivial gapped phase in the
white region. The black and white dots correspond to the magnon
band structures in (b) and (c) whose model parameters are speci-
fied in the text. The Weyl nodes of chirality ±1 are marked by red
and blue dots. (d) The Berry curvature of the lower magnon band
in (c). The arrows represent the direction of Berry curvature vec-
tors in the kxkz plane with ky = 0. The background color denotes
the divergence of Berry curvature, where red and blue represent
positive and negative values, respectively. (f) and (e) The density
plot of (100) surface spectral functions for the magnon bands in (b)
and (c). Enegy ε is in units of JS, and insets are the colorbars.
around the WN at k±η can be analytically calculated
Ω−(k±η + q) =
∏
β v
±
η,βq
2
(∑
β v
±2
η,βq
2
β
)3/2 , (4)
which diverges at the WN (where q = 0), corresponding
to a magnetic monopole there in the momentum space
as shown in Fig. 2(d) that is the numerical result of the
exact Hamiltonian H(k) for the lower magnon band in
Fig. 2(c) with ky = 0. The black arrows show the direc-
tions of the projection of Berry curvature onto the kxkz
plane and the color represents the divergence of Berry
curvature ∇k ·Ω−(k): red for positive and blue for nega-
tive. Thus, the red and blue spots in Fig. 2(d) correspond
to the WNs in Fig. 2(c).
The monopole charge carried by the WN at k±η is
(1/2pi)
∫∫
s
Ω−(k) · ds(k) = sgn(
∏
β v
±
η,β) = χ
±
η , the chi-
ralities of WNs. The integral is on a closed surface s
enclosing the WN in momentum space. The monopole
charge is also identical to the Chern number of the lower
magnon band on this surface. Thus topologically pro-
tected surface states exist between WNs. To see the sur-
face states, we consider a slab whose two end surfaces are
perpendicular to the [100] direction. The (100) surface
BZ is represented by the yellow plane in Fig. 1(b), where
the projection of the high symmetry points of the first
bulk BZ onto the first surface BZ are denoted by the
barred symbols. The density plot of the spectral func-
tion on the top surface along the Z¯Γ¯Z¯ line (a projection
of both H’K’H’ and HKH) are shown in Fig. 2(e) and
2(f) for the model parameters used in Fig. 2(b) and 2(c),
respectively. The surface states with high density (red
color) on the top surface between WNs can be clearly
seen. Near the energy of WNs, these surface states form
magnon arcs (an analogue of the Fermi arcs) on the sam-
ple surfaces, see Supplemental Material Ref. [37].
According to the Aharonov-Casher effect [33], a
magnon with a magnetic moment µ = gµB zˆ interacts
with an electric field E and acquires the Aharonov-
Casher phase, φij = (1/~c2)
∫ i
j
(E × µ) · dr. This effect
is reminiscent of the magnetic field effect on electrons
that induces the Aharonov-Bohm phase and leads to the
Landau levels. Indeed, the effect has already been used
to generate the MLLs and magnonic quantum Hall effect
[42]. Here we consider magnons under an inhomogeneous
electric field E = (Ex, 0, 0). Compare the Aharonov-
Casher phase φij = (gµB/~c2)
∫ j
i
Exdy for magnons with
the usual Aharonov-Bohm phase for electrons, the lat-
tice momentum in the effective Weyl Hamiltonian Eq. (3)
should be replaced by −i~∇+gµBExyˆ/c2 [42]. The effec-
tive Weyl Hamiltonian in the electric field can be solved
exactly and the magnon motion in the xy plane is quan-
tized into the MLLs with the eigenvalues
ε±η,n≥1(qz) = εη + ~u
±
η,zqz ± ~
√
ληn+ v
±2
η,zq2z ,
ε±η,0(qz) = εη + ~u
±
η,zqz − (−1)ηsgn(E)~v±η,zqz,
(5)
where λη = 2|v±η,xv±η,y|/l2E and electric length lE =√
~c2/gµB |E| is an analogue of magnetic length for elec-
trons [42]. The MLL degeneracy is D = LxLy/2pil
2
E ∝
|E|, where Lx and Ly are the sample lengths in x and y
directions. The zeroth MLL ε±η,0(qz) is chiral and lin-
early dispersed with opposite group velocities v±η,g =
u±η,z − (−1)ηsgn(E)v±η,z around two paired WNs at k±η ,
where the density of states is ρη = (2pi
2l2E~|v±η,g|)−1 (with
the Landau degeneracy included). We also include the
Aharonov-Casher phase into the tight-binding Hamilto-
nian (2) through the Peierls substitution [43] and calcu-
late its spectrum for an infinite long bar along z direction
with periodic boundary condition in x and y directions.
For the electric field gradient E = 1/150√3 in units of
~c2/gµB , the MLLs for the same model parameters used
FIG. 3: (color online). (a) and (b) Magnonic Landau levels under
an electric field gradient of E = 1/150√3 (in units of ~c2/gµB)
for the model parameters identical to those in Fig. 2(b) and 2(c),
respectively. The zeroth magnonic Landau levels are the red curves
and the energy ε is in units of JS.
4in Fig. 2(b) and 2(c) are shown in Fig. 3(a) and 3(b),
where the zeroth MLLs are the red curves. The MLLs
for type-II WMs are shown in the Supplemental Material
Ref. [37].
To realize the MCA, one needs to drive magnons to
flow in the direction perpendicular to the magnon quan-
tization plane. Due to the interaction energy −B ·µ be-
tween a magnetic field B and a magnetic moment µ, an
inhomogeneous magnetic field of B ‖ µ can exert a force
of gµB∂zBz on a magnon so that magnon momentum
shall follow the dynamical equation ~dkz/dt = gµB∂zBz.
The change of the magnon momentum drives magnons to
flow from one WN to the other due to the unidirectional
nature of the zeroth MLL. The transport of chiralities
through the zeroth MLL leads to the non-conservation of
chirality [39, 44], an important feature of MCA.
To detect the MCA, we can consider a two-terminal
setup sketched in Fig. 4 under an inhomogeneous mag-
netic field along the z direction. Here a quasi-one-
dimensional magnon conductor described by Eq. (1)
and in an inhomogeneous electric field described above
is connected to two magnon reservoirs. Higher mag-
netic fields B1 and B2 are applied on the reservoirs to
shift the magnon band bottom to εη − gµB∆B/2 and
εη + gµB∆B/2 (where ∆B = B2 − B1) so that the sys-
tem is at nonequilibrium. The imbalance of magnon con-
centrations between the two reservoirs within the energy
window [εη − gµB∆B/2, εη + gµB∆B/2] drives magnons
to flow from the left to the right through the magnon
conductor [42]. In the ballistic regime where the sample
length is smaller than the magnon mean free path, and
for a type-I WM with only one pair of WNs at k±η (η = 1
or 2), the spin and heat currents through the zeroth MLL
can be calculated from the Landauer-Bu¨ttiker approach
[42] as
Is,η =
∫ εη+gµB∆B/2
εη−gµB∆B/2
~LxLynB(ε)dε
4pi2l2E~
= Gs,η∆B,
Ih,η =
∫ εη+gµB∆B/2
εη−gµB∆B/2
εLxLynB(ε)dε
4pi2l2E~
= Gh,η∆B,
Gs,η =
LxLygµBnB(εη)
4pi2l2E
, Gh,η =
LxLygµBεηnB(εη)
4pi2l2E~
,
(6)
where nB(ε) = (e
ε/kBT − 1)−1 is the Bose-Einstein dis-
tribution, Gs,η and Gh,η are respective the spin and heat
conductance (from the pair of WNs labeled by η) in linear
response. The neglect of the contributions from higher
MLLs (n ≥ 1) can be justified when gµB∆B  2~
√
λη
such that the energy window is within the energy gap
between the first MLLs ε±η,1(qz). Apparently, the spin
(heat) conductance is linear in the electric field gradient
Gs(h),η ∝ l−2E ∝ |E| due to the MLL degeneracy. There-
fore, the MCA results in positive and linear electric spin
(heat) conductance, or negative electric spin (heat) resis-
tance as Rs(h),η ∝ |E|−1. These results are experimen-
tally detectable [45] and can be used as the signatures of
FIG. 4: (color online). Schematic diagram of a two-terminal
setup under an inhomogeneous magnetic field along z direction,
in which the middle quasi-one-dimensional magnon conductor is
connected to two magnon reservoirs.
MCA.
Before concluding this paper, we would like to make
the following remarks. 1) The above results should be
valid for any number of pairs of nearly degenerate WNs
as long as the WM is type-I because each pair of WNs
gives one zeroth MLL and different zeroth MLLs are ad-
ditive. Thus, the total spin (heat) conductance is simply
Gs(h) '
∑
η Gs(h),η, due to different pairs of WNs labeled
by η. The transport of type-II WMs can be complicated
because their higher MLL channels also conduct magnons
so that the zeroth MLL cannot be isolated from higher
MLLs, see Supplemental Material Ref.[37]. The linear
electric spin and heat conductance from MCA means
that the electric field gradient can be used to control
magnon transport, and this should open a new avenue for
magnonics. For diffusive transport (when sample length
is much larger than the mean free path), the electric field
dependence of spin (heat) conductance should be sensi-
tive to the detailed scattering processes. In fact, it was re-
cently shown that the linear magnetoconductance can ex-
ist in disordered Weyl semimetals [46]. How does it works
for WMs is an open question for future investigation. 2)
Besides the transport measurement, one can also study
the WMs by examining WNs and magnon arcs detectable
by inelastic neutron scattering that was successfully used
to probe the magnon bands of a topological magnon insu-
lator [12]. 3) There is clear difference between the MCA
and its electronic counterpart, electronic chiral anomaly.
Instead of the electric and magnetic fields parallel to each
other, the inhomogeneous electric and magnetic fields in
MCA must be perpendicular to each other.
In conclusion, the stacked honeycomb ferromagnets
can support both type-I and type-II WMs. MLLs can
be realized by the interaction between electric field and
magnon magnetic moment through the Aharonov-Casher
effect. MCA results in linear dependence of spin and heat
conductance on the electric field gradient when mutu-
ally perpendicular inhomogeneous electric and magnetic
fields are applied. Our results provide a new way to
probe WMs and open a door to new electrically con-
trolled magnonic devices.
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1Supplemental Material for Chiral Anomaly of Weyl Magnons in Stacked Honeycomb
Ferromagnets
Chern number.—In order to elaborate the existence of topologically protected surface states in both Weyl magnon
(WM) and topological magnon insulator phases, we calculate the Chern number in the kxky plane from the Hamilto-
nian H(k) used in the manuscript for fixed kz’s. The Chern number as a function of kz is
C(kz) =
∑
η=1,2
(−1)η
2
sgn
[
(−1)η3
√
3D +K− + J−(1− cos kz)
]
. (S1)
The Chern number changes from 0 to ±1 and vice versa when the constant kz plane pass through a Weyl node
(WN) in momentum space. Therefore, the topologically protected surface states exist between WNs and the WNs
are the starting or ending points of magnon arcs. C(kz) 6= 0 for all kz in the topological magnon insulator phase, and
topologically protected surface states exist in the magnon band gap.
Magnon arc.— For model parameters used in Fig. 2(b) and 2(c) of the manuscript, WNs of chirality ±1 in the first
bulk Brillouin zone (BZ) and their projection in the first (100) surface BZ are respectively denoted by the red and
blue dots in Fig. S1(a) and S1(b), for the case of Fig. 2(b) and 2(c) in the manuscript. In order to see the magnon arcs
formed from the topologically protected surface states near the WN energy on sample surfaces, we consider a slab of
stacked honeycomb ferromagnets whose surfaces are perpendicular to the [100] direction, the same as that studied in
the manuscript. For the model parameters used in Fig. 2(b) [or 2(e)] in the manuscript, there is one pair of WNs at
k±1 on H’K’H’ in the first bulk Brillouin zone (BZ) as shown in Fig. S1(a). For magnon energy ε = ε1 through the
WNs, the calculated (100) surface spectral function is shown in the left panel of Fig. S1(c). Apparently, the surface
states with high density (red color) on the top surface form magnon arcs that connect the two WNs k±1 of opposite
chirality. The corresponding Chern number C(kz) is computed and shown in the right panel of Fig. S1(c). Indeed
C(k−1,z < kz < k
+
1,z) = 1 is consistent with the appearance of magnon arcs as shown in Fig. S1(c). For the model
parameters used in Fig.2 (c) [or 2(f)] in the manuscript, there are two pairs of WNs at k±1 on H’K’H’ and at k
±
2 on
HKH in the first bulk BZ as shown in Fig. S1(b). Because the two pairs of WNs have difference energies ε1 and ε2, we
set the magnon energy ε = (ε1 + ε2)/2 in the middle of the two pairs of WNs. The calculated (100) surface spectral
function is shown in the left panel of Fig. S1(d). In the current case, the magnon arcs exist between WNs k+1 and k
+
2
of opposite chirality, and between WNs k−1 and k
−
2 of opposite chirality. The corresponding Chern number C(kz) is
shown in the right panel of Fig. S1(d) where C(k−1,z < kz < k
−
2,z) = C(k
+
2,z < kz < k
+
1,z) = 1 as expected.
Topological magnon insulator.—According to Eq. (S1), C(kz) = 1 in the topological magnon insulator phase [the
Green region in Fig. S2(a)] for arbitrary kz, while C(kz) = 0 in the trivial phase [the white regions in Fig. S2(a)] for
FIG. S1: (a) and (b) The first bulk Brillouin zone (BZ) and the first (100) surface BZ of stacked honeycomb lattices. The red and blue
dots denote the Weyl nodes (WNs) of chirality ±1 in Fig. 2(b) and 2(c) of the manuscript. (c) and (d) The density plot of the surface
spectral functions on the first (100) surface BZ for model parameters used in Fig. 2(b) and 2(c) of the manuscript are shown in the left
panels. The corresponding Chen numbers C(kz) are shown in the right panels. The red curves between WNs are magnon arcs. The insets
are colorbars
2FIG. S2: (color online). (a) Phase diagram of stacked honeycomb ferromagnets in the K−/D-J−/D plane. (b) and (c) The density plot
of the (100) surface spectral function for the topological magnon insulator phase [the black dot in (a)] along Z¯Γ¯Z¯ (b) and along U¯Γ¯U¯ (c).
Energy ε is in units of JS, and the insets are colorbars.
arbitrary kz. To see the topologically protected surface states of the topological magnon insulator, we compute the
(100) surface spectral function for the model parameters of D = 0.2J , K+ = 12D, J+ = 2D, and (K−, J−) = (D, 0.5D)
marked by the black dot in Fig. S2(a) inside the topological magnon insulator phase. The density plot of the (100)
surface spectral function along Z¯Γ¯Z¯ and along U¯Γ¯U¯ of the first (100) surface BZ are respectively shown in Fig. S2(b)
and S2(c). As expected, the topologically protected surface states exist in the magnon band gap.
Type-II WM and magnonic Landau level.—In the manuscript we show that the WMs are of type-II when |J+| > |J−|
according to the classification of Weyl semimetals [S1]. This can be easily seen from the effective Weyl Hamiltonian
Eq. (3) of the manuscript in which the third term gives a Weyl cone while the second term tilts the Weyl cone along
kz direction in momentum space. According to the criteria of type-II Weyl semimetal in Ref. [S1], we obtain the
condition for WMs becoming type-II in our model as |u±η,z| > |v±η,z| ⇒ |J+| > |J−|.
To confirm this result, we compute the magnon bands for the model parameters D = 0.2J , K+ = 12D, (K−, J−) =
(D, 5D) [indicated by the black dot in Fig. S3(a)], and J+ = {2D, 5D, 7D}. In the current case, the WNs are located
on the H’K’H’ line in the first bulk BZ as shown in Fig. S1(a). Therefore, we plot magnon energy along H’K’H’
and the results are shown in Fig. S3(b). Indeed, the system changes from the type-I WM to the type-II WM at
J+ = 5D = J− where one magnon band is flat along the H’K’H’ as shown in Fig. S3(b). For J+ = 7D > J−, it’s
clearly shown that the Weyl cones are tilted to be type-II.
Because the tilt of Weyl cone doesn’t change its band topology, the topologically protected surface states should
also exist between WNs in type-II WMs. In Fig. S3(c), we show the density plot of the (100) surface spectral function
of the type-II WM with J+ = 7D in Fig. S3(b) along Z¯Γ¯Z¯ of the first (100) surface BZ. Indeed the the tilted Weyl
FIG. S3: (color online). (a) Phase diagram of stacked honeycomb ferromagnets in the K−/D-J−/D plane. The various phases with
different colors are explained in the manuscript. (b) Magnon bands for various J+ and other parameters corresponding to the black dot
in (a) are plotted along the H’K’H’ line. (c) The density plot of the (100) surface spectral function for the type-II WM with J+ = 7D in
(b) and along Z¯Γ¯Z¯. The inset is the colorbar. (d) The MLLs of the type-II WM under an inhomogeneous electric field which is specified
in the text. The red curve is the zeroth MLL, and ε is in units of JS.
3FIG. S4: (a) Phase diagram of stacked honeycomb ferromagnets in the K−/D-J−/D plane. For the red and blue dots in (a), the magnon
bands in the kxkz plane are shown in (b) and (c) in which band crossing occurs on a nodal line marked by the red curve. (d) The magnon
bands for D = 0 and K− = 0 with other parameters specified in the text. The band crossing occurs on two nodal lines. ε is in units of JS.
cone and surface states (red curve) are clearly identified.
According to the Aharonov-Casher effect [S2], magnons can interact with electric fields that results in magnonic
Landau levels (MLLs) as described in the manuscript. Here we consider the type-II WM coupled to an inhomogeneous
electric field E = (Ex, 0, 0) with E = 1/100√3 in units of ~c2/gµB . The MLLs of the type-II WM are shown in
Fig. S3(d) and the zeroth MLL is the red curve. The zeroth MLL is still chiral but cannot be separated from higher
MLLs, because there is no band gap between the first MLLs.
Nodal-line magnon.—At (K−/D, J−/D) = (−3
√
3, 0) [the red dot in Fig. S4(a)] and (3
√
3, 0) (the blue dot), WMs
becomes nodal-line magnons whose two magnon bands cross on HKH line for the former and on H’K’H’ line for the
later as mentioned in the manuscript. In order to visualize these nodal lines, we calculate the magnon bands for the
red and blue dots in Fig. S4(a) with the other model parameters D = 0.2J , K+ = 12D, and J+ = 2D. The energy
surfaces of two bands as a function of kx and kz for fixed ky = 0 [the blue plane in Fig. S1(a)] are plotted in Fig. S4(b)
(for the red dot) and S4(c) (for the blue dot). The nodal lines are marked by red curves. When K− = D = 0 (with
the other parameters unchanged), the red and blue dots merge together and the two nodal lines coexist as shown in
Fig. S4(d).
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